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This work contains two parts, i.e. (1) the subdomain boundary element method (DBEM) and the
Gurtin–Murdoch interface constitutive relation are used to investigate three dimensional (3D) nano-
inhomogeneities; (2) under the condition of the same Poisson’s ratio for the inhomogeneities and the
matrix, an integral equation formulation only containing the interface displacements, i.e. no interface
tractions, is proposed to carry out the stress analysis of 3D nano-inhomogeneities. The proposed integral
equation formulation (called as SBEM) can simply be implemented in the analysis of 3D nano-inhomo-
geneities compared to the DBEM. This paper presents the component form of 3D Gurtin–Murdoch inter-
face constitutive relation which can easily be used in the numerical implementation. Nine-node
quadrilateral elements are adopted to discretize the interfaces among the matrix and nano-inhomogene-
ities. The results from two kinds of methods, i.e. DBEM and SBEM, are in good agreement with each other.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The material properties near the surface/interface are different
from those of the bulk materials. Therefore, there are the surface/
interface effects which can play a substantial role in elastic defor-
mation of nanostructures. Gurtin–Murdoch model (Gurtin and
Murdoch, 1975) has widely been used to investigate the mechani-
cal behavior of nanosolids by the ananlytical and numerical meth-
ods. The researches (Miller and Shenoy, 2000) show that the
results from the surface elasticity theory and the molecular
dynamics simulation are in good agreement with each other.
The surface/interface stress effect at the nanoscale case has
been considered by many researchers. Sharma et al. (2003) derived
the stress analytical expressions of one embedded nanoscale
spherical inhomogeneity. Duan et al. (2005) investigated the effect
of the size dependence on the effective moduli of the nanoscale
inhomogeneities embedded in an inﬁnite elastic matrix. He and
Li (2006) studied the effect of the surface stress on the stress con-
centration near a nano-spherical void in an inﬁnite elastic medium
using the Papkovitch–Neuber displacement potential method. Lim
et al. (2006) carried out the analysis of the elastic stress ﬁeld for a
spherical nano-inclusion under an axisymmetric eigenstrain.
Sharma and Wheeler (2007) analyzed the effect of surface/
interface tension on the size-dependent elastic stress ﬁelds of a
nanocale ellipsoidal inclusion with a pure dilatation eigenstrain.
Ou et al. (2008) studied the stress concentration around a spheroi-
dal nano-cavity under arbitrary uniform remote loadings. Zhang
and Shen (2011) adopted series expansion in bipolar coordinatesll rights reserved.
.to investigate the interaction between holes or edge by considering
the effects of surface energy. The above mentioned various analyt-
ical approaches are only suitable for simple nanostructures with
simple boundary conditions. For the actual nano-structures with
complex geometry and loadings, numerical methods such as the ﬁ-
nite element method (FEM) and the boundary element method
(BEM) have to be used to carry out the analysis of the mechanical
behaviors of nano-inhomogeneities.
Through the use of the FEM and the Gurtin–Murdoch surface/
interface elasticity model, some researchers carried out the analy-
sis of mechanical behaviors of nanostructures. Gao et al. (2006)
analyzed the interaction between two pressurized nanovoids and
the effective moduli of two-dimensional nanoporous material. Tian
and Rajapakse (2007) investigated the inﬂuence of multiple arbi-
trary shaped anisotropic nano-inhomogeneities on stress and dis-
placement ﬁelds in the nanoscale inhomogneities embedded in
an elastic matrix. She and Wang (2009) studied surface effects on
conical, dome and truncated InAs quantum dots grown on GaAs
substrate. Javili and Steinmann (2010) considered boundary poten-
tial energy effects on the large deformations of solids. Ricci and
Ricciardi (2010) investigated the effect of surface stress on static
and dynamic microcantilevers. Since the whole problem domain
must be discretized into meshes in the analysis of the FEM, the
BEM will be a good alternative to study the mechanical behaviors
of nanoscale inhomogeneities.
Similar to the FEM, the BEM together with the Gurtin–Murdoch
surface/interface elasticity model has been used to carry out the
elastic analysis of nanostructures. Based on the complex variables
boundary element method (CVBEM) in elasticity, Mogilevskaya
et al. (2008) and Jammes et al. (2009) presented some results of
multiple interacting circular nano-inhomogeneities or/and
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two joined, dissimilar isotropic elastic half-planes, respectively.
Mogilevskaya et al. (2009) used the CVBEM to investigate the
interaction between a straight nano-crack and a circular nano-
inhomogeneity. In the CVBEM, the unknown displacements and
tractions on the inhomogeneity-matrix interfaces as well as the
Gurtin–Murdoch equations for the interface of arbitrary shapes
are all expanded into Fourier series. Finally, the resulting system
of equations containing unknown coefﬁcients for displacements
and tractions can be obtained to carry out the elastic analysis of
nanostructures. The above mentioned CVBEM was only suitable
for the problems with simple geometry and loadings. Dong and
Pan (2011) presented some results of the stress ﬁeld in nanoinho-
mogeneities with various shapes. The proposed BEM formulation
includes the complete Gurtin–Murdoch model and can be used
to investigate the elastic behaviors of the complex nanostructures
containing arbitrary shapes of inhomogeneities. As an alternative
to the DBEM, the SBEM developed by Dong (2012) have also
been used to investigate two and three dimensional nano-
inhomogeneities. In this paper, 3D boundary integral formulation
and component form of Gurtin–Murdoch constitutive relations
for nanoinhomogeneities have been used based on the research
of Mogilevskaya et al. (2008) and Kushch et al. (2011). In order
to extend the mentioned work, this paper will use the sub-domain
boundary element method (DBEM) and the proposed boundary
integral formulation (SBEM) to further study the elastic mechanical
behaviors of 3D nanoscale inhomogeneities. Numerical results
from DBEM and SBEM are compared with each other.2. Basic formulation
The inﬁnite isotropic matrix containing a total of K nano-
inhomogeneities subjected to remote loadings is considered. The
kth interface between the nanoinhomogeneity and matrix is
denoted by Ck (k = 1 to K). All the interfaces follow the Gurtin–
Murdoch constitutive relation.
The displacement integral equations at point P being in the ma-
trix can be written in a form as follows (Dong et al., 2009)
uiðPÞ ¼ u0i ðPÞ þ
XK
k¼1
Z
Ck
UijðP; qkÞtkj ðqkÞdCðqkÞ

XK
k¼1
Z
Ck
TijðP; qkÞukj ðqkÞdCðqkÞ ð1Þ
where i = 1, 2, 3. qk is the ﬁeld point acting at the inhomogene-
ity-matrix interface Ck on the matrix side. u0i is the ith displace-
ment component at the point P caused by remote loadings in an
inﬁnite homogeneous isotropic elastic matrix. Uij and Tij are the
fundamental solutions of three dimensional (3D) inﬁnite isotropic
elastic medium which are as follows (Brebbia and Dominguez,
1992)
Uij ¼ 116pð1 mÞGr ½ð3 4mÞdij þ r;ir;j ð2Þ
Tij ¼ 18pð1 mÞr2 ð1 2mÞdij þ 3r;ir;j
  @r
@n
 ð1 2mÞðr;inj  r;jniÞ
 
ð3Þ
where dij is the Kronecker delta. r;i ¼ @rðP;qÞ@xiðqÞ in which r is the distance
between the ﬁeld point q and the source point P. @r
@n ¼ r;ini in which
ni is the directional cosine of the normal at the ﬁeld point q with re-
spect to xi. G and m are shear modulus and Poisson’s ratio, respec-
tively.When the source point P approaches the point pk being on
the inhomogeneity-matrix interface Ck; Eq. (1) becomescijðpkÞujðpkÞ ¼ u0i ðpkÞ þ
XK
i¼1
Z
Ci
Uijðpk; qiÞtjðqiÞdC

XK
l¼1;–k
Z
Cl
Tijðpk; qlÞujðqlÞdC

Z c
Ck
Tijðpk; qkÞujðqkÞdC ð4Þ
where cijðpkÞ depends on the inhomogeneity-matrix interface
geometry at the source point pk. The symbol
R c denotes the Cauchy
principal value integral.
For the kth isotropic inhomogeneity, the corresponding dis-
placement boundary integral equation can be given as (Brebbia
and Dominguez, 1992)
ckijðpÞukj ðpÞ ¼
Z
Ck
Ukijðp; qÞtkj ðqÞdCðqÞ 
Z c
Ck
Tkijðp; qÞukj ðqÞdCðqÞ ð5Þ
where the superscript k represents the related values belonging to
the kth inhomogeneity-matrix interface Ck (on inhomogeneity
side).
Along the kth interface, the Gurtin–Murdoch model will be fol-
lowed. In order to study inhomogeneities, the stick condition over
the interfaces is assumed. These conditions are as follows.
(a) Continuity of displacements (on the kth interface in terms of
the Cartesian (x, y, z)-components)
uIkx ¼ uMkx ¼ ukx; uIky ¼ uMky ¼ uky; uIkz ¼ uMkz ¼ ukz ð6Þ
where the symbols with the superscripts I and M (the same mean-
ings follow hereafter) indicate the elastic ﬁelds on the interface Ck
from the inhomogeneity and matrix side, respectively.
(b) Interface equilibrium conditions (on the kth interface in
terms of the normal and tangential ð30;20;10Þ-components of the
interface in which 30 denotes the normal direction, 20 and 10 repre-
sent the tangential directions g and n, respectively) from the vector
forms (Mogilevskaya et al., 2008; Kushch et al., 2011) can be writ-
ten as the corresponding component forms as follows
rM3010  rI3010 ¼ 
1
h10h20
@ðh20rs1010 Þ
@n
þ @ðh10r
s
2010 Þ
@g

þrs1020
@h10
@g
 rs2020
@h20
@n

 r
s
3010
q10
ð7Þ
rM3020  rI3020 ¼ 
1
h10h20
@ðh20rs1020 Þ
@n
þ @ðh10r
s
2020 Þ
@g

rs1010
@h10
@g
þ rs2010
@h20
@n

 r
s
3020
q20
ð8Þ
rM3030  rI3030 ¼ 
rs1010
q10
 r
s
2020
q20
 1
h10h20
@ðh20rs3010 Þ
@n
þ @ðh10r
s
3020 Þ
@g
 
ð9Þ
where hi0 ði0 ¼ 1;2;3Þ is Lame0s coefﬁcients. q10 and q20 are the
principal curvature radii along the tangential directions n and g,
respectively. Note that the last terms on the right hand side of
Eqs. (7)–(9) and the following Eqs. (10) and (11) as well as Eqs.
(14) and (15) were not considered in the vector forms of Duan
et al. (2005). The interface stress rsi0 j0 has the following
expressions
rs1010 ¼ ss þ ð2ls  ssÞe1010 þ ðks þ ssÞðe1010 þ e2020 Þ þ
ss
q10
u30 ð10Þ
rs2020 ¼ ss þ ð2ls  ssÞe2020 þ ðks þ ssÞðe1010 þ e2020 Þ þ
ss
q20
u30 ð11Þ
rs1020 ¼ 2ðls  ssÞe1020 þ ssu10 ;20 ð12Þ
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rs3010 ¼
ss
h10
@u30
@n
 u10
q10
 
ð14Þ
rs3020 ¼
ss
h20
@u30
@g
 u20
q20
 
ð15Þ
where ks and ls are the Lame’s constants over the kth interface, and
ss is the residual surface tension over the kth interface. Strain com-
ponents eabða;b ¼ 10;20Þ can be expressed as
e1010 ¼
1
h10
@u10
@n
þ u20
h10h20
@h10
@g
þ u30
q10
ð16Þ
e2020 ¼
1
h20
@u20
@g
þ u10
h10h20
@h20
@n
þ u30
q20
ð17Þ
e1020 ¼
1
2
1
h10
@u20
@n
þ 1
h20
@u10
@g
 u10
h10h20
@h10
@g
 u20
h10h20
@h20
@n
 
ð18Þ
u10 ;20 ¼
1
h10
@u20
@n
 u10
h10h20
@h10
@g
ð19Þ
u20 ;10 ¼
1
h20
@u10
@g
 u20
h10h20
@h20
@n
ð20Þ
where ui0 ði0 ¼ 1;2;3Þ is the displacement components in the local
coordinates (n;g;n).
Interface equilibrium conditions (7)–(9) in the form of local
coordinates (n;g;n) can be transformed into those in the form of
whole coordinates (x; y; z) as follows
tMi þ tIi ¼ aMii0 ðtMi0 þ tIi0 Þ ð21Þ
where i ¼ x; y; z or i ¼ 1;2;3. i0 ¼ n;g;n or i0 ¼ 10;20;30. aMii0 is the
coordinate transformation coefﬁcient. tMi0 þ tIi0 in Eq. (21) can further
be written as
tM10 þ tI10 ¼ rM3010  rI3010
tM20 þ tI20 ¼ rM3020  rI3020
tM30 þ tI30 ¼ rM3030  rI3030
ð22Þ
Nine node quadrilateral elements are used to discretize the ma-
trix-inhomogeneity interfaces. The discretized form of Eq. (4) can
be written as
½hM1 hM2    hMK 
uM1
uM2
..
.
uMK
8>>><
>>:
9>>>=
>>;
¼ ½ gM1 gM2    gMK 
tM1
tM2
..
.
tMK
8>>><
>>>:
9>>>=
>>>;
þ
f 01
f 02
..
.
f 0K
8>>><
>>:
9>>>=
>>;
ð23Þ
where uk and tk (k = 1 to K) are displacement and traction vectors,
respectively, on the interface Ck from the matrix side. hk and gk
are the inﬂuence matrices related to the fundamental solutions of
displacements and tractions, respectively, over the interface Ck
from the matrix side. f 0k is a known vector corresponding to dis-
placement vector u0k caused by remote loadings in an inﬁnite homo-
geneous isotropic elastic matrix.
Eq. (23) can be further simpliﬁed as
hmum ¼ gmtm þ f 0 ð24Þ
where hm ¼ ½hM1 hM2    hMK , gm ¼ ½ gM1 gM2    gMK , um ¼
½uM1 uM2    uMK T ; tm ¼ ½ tM1 tM2    tMK T ; f 0 ¼ ½ f 01 f 02    f 0K T .
The discretized form of Eq. (5) can be written ashIku
I
k ¼ gIktIk ð25Þ
where hk, gk, uk, tk are the inﬂuence matrices related to the funda-
mental solutions of displacements and tractions, respectively, over
the interface Ck from the inhomogeneity side.
The discretized form corresponding to multi-inhomogeneities is
as follows
hcuc ¼ gctc ð26Þ
where hc ¼
hI1 0    0
0 hI2    0
..
. ..
. . .
. ..
.
0 0    hIK
2
66664
3
77775, gc ¼
gI1 0    0
0 gI2    0
..
. ..
. . .
. ..
.
0 0    gIK
2
6664
3
7775,
uc ¼ uI1 uI2    uIK
 T and tc ¼ tI1 tI2    tIK T .
Continuity condition of displacements over the kth interface in
Eq. (6) is further simpliﬁed as
uIk ¼ uMk ¼ uk ðk ¼ 1;2; . . . ;KÞ ð27Þ
where uIk ¼ ½uIT1k uIT2k    uITMk T , uMk ¼ ½uMT1k uMT2k    uMTMk T ;
uk ¼ ½uT1k uT2k    uTMk T ], uImk ¼ ½uI1ðqmkÞ uI2ðqmkÞ uI3ðqmkÞ T ,
uMmk ¼ ½uM1 ðqmkÞ uM2 ðqmkÞ uM3 ðqmkÞ T in which the subscript Mk de-
notes the total number of nodes over the kth interface. qmk is the
mth node over the kth interface, and mk ¼ 1;2; . . . ;Mk.
Continuity condition of displacements over all the interfaces is
given as
UI ¼ UM ¼ U ð28Þ
where U I ¼ ½uIT1 uIT2    uITK T , UM ¼ ½uMT1 uMT2    uMTK T ,
U ¼ ½uT1 uT2    uTK T :
Traction equilibrium condition at the node qmk
(mk ¼ 1;2; . . . ;Mk over the kth interface is given as
tImk þ tMmk ¼
aM110 a
M
120 a
M
130
aM210 a
M
220 a
M
230
aM310 a
M
320 a
M
330
2
64
3
75
rM3010  rI3010
rM3020  rI3020
rM3030  rI3030
8><
>:
9>=
>; ð29Þ
where tImk ¼ ½ tI1ðqmkÞ tI2ðqmkÞ tI3ðqmkÞ T tMmk ¼
½ tM1 ðqmkÞ tM2 ðqmkÞ tM3 ðqmkÞ T .
By means of (29), (7)–(20), we have
T I þ TM ¼ CU þ F0 ð30Þ
where C is a related matrix from Eqs. (29), (7)–(20). F0 is a
known vector related to the interface stresses. Other vectors are
given as: T I¼½ tIT1 tIT2    tITK T ; TM ¼ ½ tMT1 tMT2    tMTK T ; tIk ¼
½ tIT1k tIT2k    tITMk T ; tMk ¼ ½ tMT1k tMT2k    tMTMk T .
Using Eqs. (24), (26), and (30), the resulting system of equations
can be obtained
AU ¼ F ð31Þ
where A ¼ g1m hm þ g1c hc  C, F ¼ F0 þ g1m f 0.
As soon as the nanoscale inhomogeneity-matrix interface dis-
placements U are known, the corresponding tractions on both sides
of the interfaces can be obtained by Eqs. (24) and (26). The stresses
at the interface nodes can be obtained by the material constitutive
relations and the strain-displacement relations.The above subdo-
main boundary element method (DBEM) can be used to investigate
various nano-inhomogeneities. For the special nano-inhomogenei-
ties such as mI ¼ mM; one simple boundary integral equation formu-
lation (SBEM) can be derived as follows
From Eqs. (2) and (3), the following expressions exist (Brebbia
and Dominguez, 1992)
Fig. 2. Stress distribution along x-axis (hard ellipsoidal inhomogeneity).
Fig. 3. Stress distribution along x-axis (soft ellipsoidal inhomogeneity).
Fig. 1. Ellipsoidal inhomogeneity (c/a = 2).
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GM
GI
UMij ð32Þ
TIij ¼ TMij ð33Þ
Substituting Eqs. (32) and (33) into Eq. (5), then adding to Eq.
(4) and considering the interface condition (30), one can obtain
ckið1þ G
I
GM
ÞuiðpÞ ¼ u0i ðpÞ 
Z c
C
ð1 G
I
GM
ÞTMij ðp; qÞujðqÞdC
þ
Z
C
UMij ðp; qÞðtMj ðqÞ þ tIjðqÞÞdC ð34Þ
If the last integral on the right side in Eq. (34) is ignored, then
Eq. (34) will be reduced to the conventional boundary integral
equation for macro-inhomogeneities (Dong et al., 2009). Eq. (34)
can be used to study some special nano-inhomogeneities, i.e.
mI ¼ mM . In numerical solving process, similar to the DBEM, nine
node quadrilateral elements are used to mesh the matrix-
inhomogeneity interfaces. After this, p is chosen as each node
and using Eq. (30), the resulting system of equations from Eq.
(34) can be obtained
AU ¼ U ð35Þ
where A is the coefﬁcient matrix. U is a known matrix related to the
displacements of homogeneous matrix. From Eq. (35), the displace-
ments at each node being in the interface can be obtained. SimilarFig. 4. Ellipsoidal inhomogeneities (a)to Eq. (35), the internal point stress boundary integral equation for-
mulation can also be obtained which only contains the node dis-
placements over the interfaces, i.e. no node tractions over the
interfaces.3. Numerical examples
In this section, several numerical examples are presented to
show that the proposed formulation is accurate and efﬁcient inc/a = 0.5; (b) c/a = 1.0; (c) c/a = 1.5.
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some problems where can be solved using DBEM and SBEM,
respectively.
1. An inﬁnite space with one ellipsoidal nano-inhomogeneities
One ellipsoidal nano-inhomogeneity is embedded in an inﬁnite
medium subjected to a remote loading r1zz ¼ r0 (Fig. 1). Three prin-
cipal semi-axes of the ellipsoidal nano-inhomogeneities are taken
as a ¼ b ¼ 1 nm, and c ¼ 2 nm. The elastic material properties are
EM ¼ 90:22 GPa, Eh ¼ 180:44 GPa, Es ¼ 45:11 GPa, and mM ¼ mh ¼
ms ¼ 0:3. The subscript symbols M, h and s represent matrix, hard
inhomogeneity and soft inhomogeneity, respectively. The surface
elastic constants and the residual surface tension of the nanoscale
interfaces (Mogilevskaya et al., 2008) are l0 ¼ 6:2178 N=m,
k0 ¼ 3:48912 N=m and r0 ¼ 0:72 N=m.
In boundary element analysis, 96 nine-node quadrilateral ele-
ments with 386 nodes are used to mesh the ellipsoidal interface.Fig. 5. Stress distribution along x-axis for hard inhomogeneity: (a) c/a = 0.5; (b) c/
a = 1.0; (c) c/a = 1.5.Figs. 2 and 3 show the variation of stress components rzz along
the x-axis for hard and soft nano-inhomogeneities, respectively.
Note that a0, a1, a1n and a2 (b0, b1, b1n and b2) in the legends de-
note the solutions from the DBEM (SBEM) for no interface effect,
interface elasticity with interface tension for the case in which
rs3010 and r
s
3020 in Eqs. (7)–(9) as well as u30 in Eqs. (10) and (11)
was not involved, interface elasticity with interface tension for
the complete Gurtin–Murdoch model by Mogilevskaya et al.
(2008) and Kushch et al. (2011), and interface elasticity with noFig. 7. Stress distribution along x-axis for two hard spheroidal inhomogeneities: (a)
comparison from several methods; (b) the inﬂuence of rs3010 , r
s
3020 and u30 (see Eqs.
(7)–(11)).
Fig. 6. Two spheroidal inhomogeneities.
Fig. 9. Two ellipsoidal inhomogeneities.
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no interface effect, the numerical solutions from the DBEM and
SBEM are in excellent agreement with the analytical solutions (Ju
and Sun, 1999, 2001). For the cases with surface effects, the results
from the DBEM and SBEM are in good agreement with each other
as shown in Figs. 2 and 3. Note that evident changes of the results
for the complete Gurtin–Murdoch model as well as for the case
without rs3010 , r
s
3020 and u30 (see Eqs. (7)–(11)) are not evidently ob-
served as shown in Figs. 2 and 3. The reason may result from only
one special ellipsoidal inhomogeneity. However, for two inhomo-
geneities, the inﬂuence of rs3010 ; r
s
3020 and u30 on stress distribution
can be observed (see the following examples 2 and 3). Ellipsoidal
inhomogeneities with different principal semi-axes, i.e. c/a = 0.5,
1.0, 1.5 and 2.0 are shown in Fig. 4. The corresponding computa-
tional results are given in Fig. 5. Two kinds of methods, i.e. DBEM
and SBEM produce almost same results. This further shows the cor-
rectness of the adopted methods in this paper. The results show
that interface effects have a crucial effect on the stress distribution
of nano-inhomogeneity. Note that method 1 and method 2 in the
legend of Fig. 5 represent the DBEM and SBEM, respectively, for
the case without rs3010 , r
s
3020 and u30 see (Eqs. (7)–(11)). However,
method 1n and method 2n in the legend of Fig. 5 denote the DBEM
and SBEM, respectively, for the complete Gurtin–Murdoch model.
2. An inﬁnite space with two spherical nanoscale
inhomogeneities
An inﬁnite space with two spherical nanoscale inhomogeneities
(as shown in Fig. 6), the radii of which are all R ¼ 1 nm, under the
remote loading r1zz ¼ r0 is investigated using the SBEM and DBEM,
respectively. The coordinates of two spherical centers are atFig. 8. Stress distribution along x-axis for left hard spheroidal inhomogeneity and
right spheroidal cavity: (a) comparison from several methods; (b) the inﬂuence of
rs3010 , r
s
3020 and u30 (see Eqs. (7)–(11)).(1.25,0.,0.) and (1.25,0.,0.), respectively. The material and inter-
face properties are the same as the above example.In the numerical
analysis, 96 nine-node quadrilateral elements with 386 nodes are
adopted to discretize each boundary of two spherical interfaces.
Fig. 7(a) shows the variation of stress components rzz along the x
direction for two hard spherical nano-inhomogeneities. One can
ﬁnd that the results from the SBEM and DBEM are in good
agreement with each other. When right spherical inhomogeneity
becomes one spherical nano-cavity, the variation of stress compo-
nents rzz along the x direction is shown in Fig. 8(a). The effect of
the surface elasticity and residual interface tension on the stress
distribution of two spherical inhomogeneities can be seen in
Figs. 7(a) and 8(a), respectively. For the complete Gurtin–MurdochFig. 10. Stress distribution along x-axis for two hard ellipsoidal inhomogeneities:
(a) comparison from several methods; (b) the inﬂuence of rs3010 , r
s
3020 and u30 (see
Eqs. (7)–(11)).
Fig. 11. Stress distribution along x-axis for left hard ellipsoidal inhomogeneity and
right ellipsoidal cavity: (a) comparison from several methods; (b) the inﬂuence of
rs3010 , r
s
3020 and u30 (see Eqs. (7)–(11)).
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respectively. One can ﬁnd from Fig. 7(b) that the inﬂuence of rs3010 ,
rs3020 and u30 on the stress distribution can be observed near the
interfaces (x/a = 2.25 and 2.25) between the inhomogeneities
and the matrix. From Fig. 8(b), we can also observe the evident
inﬂuence of rs3010 ; r
s
3020 and u30 on the stress distribution near the
interfaces (x/a = 2.25 and 0.25) between the left inhomogeneity
and the matrix.
3. An inﬁnite space with two ellipsoidal nanoscale
inhomogeneities
Fig. 9 shows an inﬁnite space with two ellipsoidal nanoscale
inhomogeneities, three principal semi-axes of which are
a ¼ 2 nm and b ¼ c ¼ 1 nm, under the remote loading r1zz ¼ r0.
The coordinates of two ellipsoidal centers are at (2.25,0.,0.) and
(2.25,0.,0.), respectively. The material and interface properties
are the same as the above examples.Similar to the above examples,
96 nine-node quadrilateral elements with 386 nodes are also
adopted to mesh each boundary of two ellipsoidal interfaces.
Fig. 10(a) presents the distribution of stress components rzz along
the x direction for two hard ellipsoidal nano-inhomogeneities. One
can again observe that the results from the SBEM are also in good
agreement with those from the DBEM.When right ellipsoidal inho-
mogeneity becomes one ellipsoidal nano-cavity, the variation of
stress components rzz along the x direction is shown in
Fig. 11(a). Similar to the above spherical nano-inhomogeneity,
the effect of the surface elasticity and residual interface tension
on the stress distribution of ellipsoidal nano-inhomogeneities can
also be found in Figs. 10(a) and 11(a), respectively. For two hard
ellipsoidal inhomogeneities, the effect of rs3010 , r
s
3020 and u30 (see
Eqs. (7)–(11)) on the stress distribution near the interfaces (x/
b = 4.25 and 4.25) can be observed as shown in Fig. 10 (b). For lefthard ellipsoidal inhomogeneity and right ellipsoidal cavity, similar
case can also be seen near the interface (x/b = 4.25 and 0.25) as
shown in Fig. 11(b).
4. Conclusions
Based on Gurtin–Murdoch elastic theory, the interaction be-
tween spherical/ellipsoidal nanoscale inhomogeneities embedded
in an inﬁnite elastic medium has been investigated using the SBEM
and DBEM, respectively. Numerical results from two kinds of
methods are in good agreement with each other. Under consider-
ing no interface effects, numerical results are in excellent agree-
ment with those from the analytical solutions. The stress
distribution of ellipsoidal nanoscale inhomogeneities has been pre-
sented to show the effect of the surface elasticity and residual
interface stress. The results also show that compared with the sur-
face elasticity, the residual interface stress has more evident effect
on the stress distribution of ellipsoidal nanoscale inhomogeneities.
The present results can be taken as the benchmark results for fu-
ture research.
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